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 The Riesz potential operator is a central tool in harmonic analysis and 
the theory of partial differential equations, commonly defined via 
convolution with a singular Kernel. In many modern frameworks, 
function space are generated by a mapping involving such operators. In 
this paper, we defined the dual role of the generating function-𝜙 in: (i). 
Defining the Riesz function space and (ii). Ensuring its completeness. 
We introduce a Riesz function space 𝑅𝜑(ℝ𝑛) and prove that the Riesz 
function satisfying the ∆₂ −condition is complete, thus forming a Banach 
spaces. Furthermore we prove that its discrete analogue 𝑟𝜑(ℤ) is also 
complete, with explicit Hardy–Littlewood–Sobolev type type estimates 
in the sequence setting.  
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1. INTRODUCTION  
The Riesz potential operator defined by:   

𝐼𝛼𝑓(𝑥) = ∫
𝑓(𝑦)

|𝑥−𝑦|𝑛−𝛼
𝑑𝑦

ℝ𝑛
,       0 < 𝛼 < 𝑛, (1) 

  
is fundamental in harmonic analysis, potential theory, and the study of fractional partial differential 
equations. Classical mapping properties of 𝐼𝛼  between Lebesgue and Sobolev spaces were established 
by Adams, Hedberg, Grafakos, and Stein [1], [2], [3]. Recent generalizations to Orlicz and Morrey 
settings provide refined integrability frameworks[4],[5].  
Recent developments in nonlinear operator theory have highlighted the necessity of generalized 
modular spaces for the analysis of nonlinear integral and differential operators. Works such as 
Krasnoselskii & Rutickii [6] and Harjulehto & Hästö [7] demonstrate how Orlicz develop conditions 
are natural settings for nonlinear boundary value problems. In modern applications involving 
fractional partial differential equations or PDEs and image analysis, completeness of function spaces 
plays a central role in ensuring convergence and stability. The Riesz-type potential operators, known 
for their non-compactness and singularity behavior, require an advanced functional analytic 
framework when paired with nonlinear modular integrability—precisely the goal of the present study.  

Although substantial progress has been made in the study of Riesz–Orlicz spaces and their 
completeness properties, most existing results are confined to either linear frameworks or rely on 
restrictive growth conditions on the Orlicz function, such as strong convexity or uniform Δ2-
conditions. Furthermore, although discrete Riesz operators have been studied for weighted estimates 
and sequence spaces, to the best of our knowledge no prior work has systematically examined the 
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Banach space structure of discrete Riesz–Orlicz spaces under merely the Δ₂-condition. This paper 
addresses this gap by introducing and analyzing continuous and discrete Riesz–Orlicz spaces under 
the more relaxed Δ2-condition, establishing new completeness results and modular convergence 
frameworks that extend beyond the classical Orlicz–Bochner spaces, the other words the significant 
gap: numerical discretizations of nonlocal operators demand a rigorous modular framework to ensure 
convergence and error control. The main theoretical contributions of this work are threefold: (1). 
Completeness under relaxed Δ2. Banach space results establish for both continuous and discrete Riesz–
Orlicz spaces assuming only the generalized Δ2-condition, without uniform convexity. (2). We develop 
unified modular framework. By develop a modular approach that integrates fractional Riesz-type 
operators within Orlicz growth settings, bridging classical potential theory and modern nonlinear 
analysis. (3) Introduce a discrete modular space. By analyze and introduce a fractional-difference 
discrete modular space, proving norm convergence results with potential applications to non-smooth 
variational problems and nonlinear signal processing. 

Discrete analogues of 𝐼𝛼  play a key role in numerical fractional PDEs and atomic decompositions. 
Hao, Yang & Li [8] obtained weighted strong-type inequalities for the discrete Riesz potential on ℓ𝑝-
type spaces with Muckenhoupt weights. However, the completeness (Banach space structure) of these 
discrete Riesz spaces under general growth function-𝜑 remains unaddressed. However, completeness 
results in general Orlicz-type sequence spaces remain open. The aim of this paper is introducing 
function spaces 𝑅𝜑 and 𝑟𝜑  via Young function -𝜑  under Δ2-condition [9] [10], proving Banach spaces 
properties [11],[12], and provide explicit Hardy–Littlewood–Sobolev -type norm estimates in 
continuous and discrete contexts  [13] [14].  

The Riesz potential naturally arises in the study of Sobolev embedding, fractional Laplacians and 
various applied problem in mathematics, physics, and image processing [15], [16]. 
This operator has been extensively studied, not only for its intrinsic theoretical interest but also for its  
wide-ranging applications in fields such as signal processing, mathematical physics and function 
theory [16], [17] . Define Riesz sequence space  

𝑅𝜑(ℤ𝑛) = {𝑎 ∈  ℓ𝑝(ℤ𝑛): ‖𝑎‖𝑅𝜑 = ‖𝐼𝛼𝑎‖ℓ𝜑(ℤ𝑛) < ∞}                                                                         (2) 

  
where ℓ𝜑(ℤ𝑛) is an Orlicz sequence space defined via a Young function-𝜑 satisfying the Δ2 condition 
to ensure completeness[18], [19], [20], [21]. To the best of our knowledge, no previous study has 
systematically analyzed the completeness of discrete Riesz–Orlicz spaces under the Δ₂-condition with 
modular convergence. This article addresses this gap.  

The structure of the paper is as follows. In Section 2 we recall necessary preliminaries on Young 
functions, Luxemburg modulars, and the 𝛥₂ −condition. Addition, in the second section, introduces 
the continuous and discrete Riesz–Orlicz spaces and outlines the proof strategy. Section 3 contains the 
main theorems on completeness, together with detailed proofs and discrete kernel estimates. 
Moreover, we discuss applications to numerical schemes for nonlocal PDEs and present illustrative 
examples. Finally, Section 4 summarizes our findings, discusses limitations, and proposes avenues for 
future research, including extensions to variable-exponent Orlicz settings and non-Euclidean domains.  

2. RESEARCH METHOD  
We develop our analysis in three steps: (i) recalling key modular preliminaries, (ii) defining continuous 
and discrete Riesz–Orlicz spaces, and (iii) outlining the completeness proof strategy. In this paper we 
denote ℝ𝑛 as 𝑛- dimensional Euclidean space. ℤ𝑛 as 𝑛- dimensional integrer lattice.  𝐼𝛼  denote as 

continuous Riesz potential of order 0 < 𝛼 < 𝑛. 𝐼𝛼
𝑑 denote as discrete Riesz potential.  Let 𝜑 ∶

 [0,∞) ⟶ [0,∞) be a Young function with complementary function 𝜓. We say 𝜑 satisfies the ∆₂-
condition if there exists 𝐾 > 0 such that  𝜑(2𝑡) ≤ 𝐾𝜑(𝑡) for all 𝑡 ≥ 𝑡0 > 0.   
Under this growth restriction, the Luxemburg modular: 

𝜌𝜑(𝑓) = ∫ 𝜑(|𝑓(𝑥)|)𝑑𝑥
ℝ𝑛

,  
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The Riesz function space define as 𝑅𝜑(ℝ𝑛) or the continuous Riesz space are as the collection 

of all measurable functions 𝑓: ℝ𝑛 → ℝ  satisfied  
‖𝑓‖𝑅𝜑 = ‖𝜑(𝐼𝛼𝑓)‖𝐿𝜑(ℝ𝑛) < ∞,       (3) 

 

Where 𝜑 is a Young function satisfying the Δ2-condition defined by 

‖𝑓‖𝐿𝜑 = 𝐼𝑛𝑓 {𝜆 > 0 ∶  ∫ 𝜑 (
|𝑓(𝑥)|

𝜆
) 𝑑𝑥 ≤ 1

ℝ𝑛
},       (4) 

  
The associated norm ‖𝑓‖𝜑 are equivalent [9], [22]-a cornerstone for modular-norm equivalence. The 

normed structure is designed to capture both fractional smoothing property of 𝐼𝛼  and the nonlinear 
growth induced by 𝜑, with 𝐿𝜑-Luxemburg norm define by: 

‖𝑔‖𝐿𝜑 = 𝐼𝑛𝑓 {𝜆 > 0 ∶  ∫ 𝜑 (
|𝑔(𝑥)|

𝜆
) 𝑑𝑥 ≤ 1

ℝ𝑛
},       (5) 

  
The discrete Riesz space 𝑅𝜑(ℤ𝑛) defined as function 𝑎: ℤ𝑛 → ℝ   satisfy: 
 

𝐼𝛼
𝑑(𝑎)𝑘 = ∑

𝑎𝑗

|𝑘−𝑗|𝑛−𝛼𝑗≠𝑘 ;  {𝐼𝛼
𝑑(𝑎) ∈ ℓ𝜑(ℤ𝑛)},       (6) 

  
The modular nom defined as 
 

‖𝜌‖ℓ𝜑 = 𝐼𝑛𝑓 {𝜆 > 0 ∶  ∑ 𝜑 (
|𝑎𝑘|

𝜆
) ≤ 1𝑘 },       (7) 

  
To study completeness of 𝑅𝜑(ℝ𝑛), we analyze Cauchy sequences via the modular 

𝜌𝜑(𝑓) = ∫ 𝜑(|𝐼𝛼𝑓(𝑥)|)𝑑𝑥,

ℝ𝑛

 

      

                                                                           (8) 

While Δ₂ alone does not guarantee uniform convexity, it is a key ingredient in more refined geometric 
properties of Orlicz spaces. Following the modular space framework of [22], we analyze the structure 
of Riesz potentials through the lens of Young functions with Δ₂-conditions.  By ensuring that 𝜑 satisfies 
Δ₂, we secure a robust framework in which Cauchy in modular implies Cauchy in norm, and hence 
completeness arguments become tractable.  
 
 Lemma 2.1. Let 𝜑 be a Young function satisfying the Δ2-condition, and let (𝑓𝑛)𝑛∈ℕ ⊂ 𝐿

𝜑(ℝ𝑛) be a 
sequence such that  
 

𝜌𝜑(𝑓𝑛 − 𝑓𝑘) = ∫ 𝜑((𝐼𝛼|(𝑓𝑛 − 𝑓𝑘)|(𝑥))𝑑𝑥 ⟶ 0
ℝ𝑛

                                                                                 (9) 

 

Then there exists a function 𝑓 ∈ 𝐿𝜑(ℝ𝑛)  and subsequence {𝑓𝑛𝑘} such that 

1. 𝐼𝛼𝑓𝑛𝑘(𝑥)⟶ 𝐼𝛼𝑓(𝑥) ∈  ℝ
𝑛
   

2. 𝜌𝜑(𝑓𝑛𝑘 − 𝑓)  ⟶ 0, hence ‖𝑓𝑛𝑘 − 𝑓‖ ⟶ 0 

Proof: 1. Modular Cauchy in the Orlicz space 
From (9) and the definition of 𝜌𝜑, the sequence {𝐼𝛼𝑓𝑘} is Cauchy in the Orlicz space  𝐿𝜑(ℝ𝑛).  

2. Completeness of the Orlicz space. 

Since 𝜑 satisfies Δ2 , the classical result asserts that 𝐿𝜑 is a Banach space and that modular 
convergence is equivalent to norm convergence [22]. Hence there exists 𝑔 ∈  𝐿𝜑(ℝ𝑛)such that, 
up to a subsequence, 

𝐼𝛼  𝑓𝑛𝑘 𝑘⟶∞
→   𝑔                                                                                 
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And-by passing to a further subsequence if necessary also  
𝐼𝛼𝑓𝑛𝑘(𝑥) ⟶ 𝑔(𝑥) for almost every 𝑥 ∈  ℝ𝑛. 

3. Identification of the limit. 

Define  𝑓(𝑥) =  lim
𝑘→∞

inf 𝑓𝑛𝑘(𝑥), so that 𝐼𝛼𝑓 = 𝑔. We must check 𝑓 ∈ 𝐿𝜑(ℝ𝑛) and 𝑓𝑛𝑘 ⟶ 𝑓 in the 

𝜌𝜑 sense.  

4.  Fatou’s Lemma and modular convergence. 

For each 𝑘, by convexity of 𝜑 and positivity  of  𝐼𝛼, 

𝜑 ((𝐼𝛼|𝑓𝑛𝑘 − 𝑓|)(𝑥)) ≤ lim
𝑚→∞

inf 𝜑(𝐼𝛼|𝑓𝑛𝑘 − 𝑓𝑛𝑚|(𝑥)) 

 Integrating over ℝ𝑛 and applying  Fatou’s Lemma give  

𝜌𝜑(𝑓𝑛𝑘 − 𝑓) = ∫𝜑(𝐼𝛼|𝑓𝑛𝑘 − 𝑓|) ≤ lim
𝑚→∞

inf 𝜌𝜑(𝐼𝛼|𝑓𝑛𝑘 − 𝑓𝑛𝑚|) 

 Since the right-hand side tends to zero as 𝑘 → ∞ (by Cauchy property (2.7)), we conclude  

𝜌𝜑(𝑓𝑛𝑘 − 𝑓) 𝑘→∞
→  0 

Equivalence of the modular and the Luxemburg norm Δ2 the yields ‖𝑓𝑛𝑘 − 𝑓‖ ⟶ 0. 

5. Almost- everywhere convergence. 

The convergence of  𝐼𝛼𝑓𝑛𝑘 ⟶ 𝐼𝛼𝑓 combined with known injectivity properties of 𝐼𝛼  on 

appropriate dense subspace implies 𝑓𝑛𝑘(𝑥) ⟶ 𝑓(𝑥) almost every 𝑥 [23].  

Thus(𝑓𝑛𝑘) converges in modular norm to 𝑓 ∎ 

 

Lemma 2.2 Let 𝜑 satisfy the Δ2-condition(𝑎(𝑛) − 𝑎(𝑚))
𝑛
⊂ 𝑅𝜑(ℤ𝑛)  be a sequence with 

𝜌𝜑(𝑎
(𝑛) − 𝑎(𝑚)) = ∑ 𝜑 ((𝐼𝛼

𝑑|𝑎(𝑛) − 𝑎(𝑚)|)
𝑘
)  
𝑛,𝑚→∞
→    0𝑘∈ ℤ𝑛 ,       (10) 

  
Then there exists 𝑎 ∈  𝑅𝜑(ℤ𝑛)  and a subsequence (𝑎𝑛𝑘) such that: 

1. 𝑎𝑘
(𝑛𝑘)⟶ 𝑎𝑘 for every 𝑘 ∈ ℤ𝑛, and  

2. 𝜌𝜑(𝑎
𝑛𝑘 − 𝑎)  ⟶ 0, hence ‖𝑎𝑛𝑘 − 𝑎‖ ⟶ 0 

Proof:  The argument parallels that of Lemma 2.1, replacing integrals by sum and 𝐼𝛼  by 𝐼𝛼
𝑑 :  

1. From (10) {𝐼𝛼
𝑑(𝑎𝑛)} is Cauchy in the discrete Orlicz sequence space ℓ𝜑(ℤ𝑛).  

2. Completeness  of ℓ𝜑 under Δ2 yields a limit sequence 𝑏 ∈ ℓ𝜑  and a subsequence 𝐼𝛼
𝑑𝑎𝑛𝑘 ⟶ 𝑏 

in norm and pointwise. 
3. Define 𝑎 = (𝑎𝑘) by inverting the discrete potential on finitely supported sequences and extend 

by continuity, one checks 𝐼𝛼
𝑑𝑎 = 𝑏 

4. A discrete Fatou argument shows 

𝜌𝜑(𝐼𝛼
𝑑|𝑎(𝑛𝑘) − 𝑎|) ≤ lim

𝑚→∞
inf 𝜌𝜑(𝐼𝛼

𝑑|𝑎(𝑛𝑘) − 𝑎(𝑛𝑚)|) 

    Wich tends to zero by (10)  
5.  Modular norm equivalence then gives ‖𝑎𝑛𝑘 − 𝑎‖ ⟶ 0 and pointwise convergence follows 

from the discrete injectivity of 𝐼𝛼
𝑑 on a dense subspace. 

 
Hence ℓ𝜑  is complete under norm Orlicz space.  ∎ 

3. RESULTS AND DISCUSSIONS  
In Sections 2 we established the modular framework and defined the continuous and discrete Riesz–
Orlicz spaces 𝐿𝜑 and ℓ𝜑. Next goal is to prove that these spaces are Banach under the Luxemburg norm 
when 𝜑 satisfies the ∆2- condition. The core of this argument rests on 2 steps: 
(i) Modular to Norm equivalence which is under ∆2, any sequence that is Cauchy in the Riesz Orlicz 

modular 𝜌𝜑 is also Chauchy in the associated Luxemburg norm. 
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(ii) Operator Boundedness and limit identification. The Riesz potentials 𝐼𝛼  and 𝐼𝛼
𝑑 act continuously 

on the ambient Orlicz space; combined with completeness of those Orlicz spaces, one extracts a 
pointwise and modular limit that lies back in 𝐿𝜑 or ℓ𝜑. 

Two technical lemmas (Lemma 2.1 and Lemma 2.2) make the above rigorous. We then assemble these 
ingredients into Theorems 3.1 and 3.2. 
Theorem 3.1. Let 𝜑 satisfy the ∆2-condition. Then the continuous Riesz function space 𝑅𝜑(ℝ𝑛) is 

Banach space  under ‖. ‖𝑅𝜑  with defined by 𝑅𝜑(ℝ𝑛) = {𝑓 ∈ 𝐿𝑃(ℝ𝑛): ‖𝑓‖𝑅𝜑 =

‖𝐼𝛼𝑓‖𝐿𝜑(ℝ𝑛) < ∞} . 

Proof :  
We need to check that 𝑅𝜑(ℝ𝑛) is complete. 

(i) Cauchy in Modular then Cauchy in Orlicz. 

Suppose (𝑓𝑛) ⊂ 𝐿
𝜑 is 𝜌𝜑 Cauchy. By definition  

𝜌𝜑(𝑓𝑛 − 𝑓𝑚) = 𝜌𝜑(𝐼𝛼(|𝑓𝑛 − 𝑓𝑚|))
𝑛,𝑚→∞
→     0 

So {𝐼𝛼𝑓𝑛} is Cauchy in the Orlicz space (𝐿𝜑, ‖. ‖𝑅𝜑). 

(ii) Completeness of  Orlicz and Extraction of Limit: The Δ2 condition space that (𝐿𝜑, ‖ . ‖𝑅𝜑) 

is complete and that modular and norm convergence coincide [22]. Hence 𝐼𝛼𝑓𝑛⟶ 𝑔 in 

‖ . ‖𝜑 for some 𝑔 ∈ 𝐿𝜑, and a subsequence converges pointwise almost everywhere.  

(iii) Identification and modular convergence. One shows 𝑔 = 𝐼𝛼𝑓 for a measurable 𝑓, and by 

lemma 2.1  

𝜌𝜑(𝑓𝑛𝑘 − 𝑓) =≤ lim
𝑚→∞

inf 𝜌𝜑(𝐼𝛼|𝑓𝑛𝑘 − 𝑓𝑚|) ⟶ 0, 

So ‖𝑓𝑛𝑘−𝑓‖𝑅𝜑
⟶ 0 

 Thus any Cauchy sequence converges in norm, proving completeness. 

Theorem 3.2. Let 𝜑 satisfy ∆2 condition. Then the discrete Riesz function space is Banach space. 
Moreover there exists a constant 𝐶 > 0 (depending on 𝛼, 𝑛, 𝜑 ) such that for all 𝑎 ∈ ℓ𝜑. 

‖𝐼𝛼
𝑑‖𝜑 ≤ 𝐶‖𝑎‖𝜑 

Proof :  

(i) By adapting Hardy-Littlewood-Sobolev inequality to the lattice ℤ𝑛, shows that 𝜌𝜑(𝐼𝛼
𝑑𝑎) ≤

𝐶𝜌𝜑(𝑎), 

Which by modular norm equivalence yields the claimed norm bound [8] 

(ii) Completeness via modular convergence. If {𝑎(𝑛)} is Cauchy, then  by: 

{𝐼𝛼
𝑑𝑎(𝑛)} is Cauchy in ℓ𝜑. Completeness ℓ𝜑 under ∆2 and a discrete version of 

Lemma2.2 extract a limit 𝑎 ∈ ℓ𝜑 with ‖𝑎(𝑛𝑘) − 𝑎‖⟶0.  

Consequently, ℓ𝜑 is Banach under  ‖. ‖𝑅𝜑.    
The discrete completeness and the operator estimate of Theorem 3.2 imply that grid based 
approximations of nonlocal equations remain stable in the modular norm. In particular, consider a 
fractional Poisson equations  

(−∆)𝛼 2⁄  𝑢 = 𝑓  discritized on ℤ𝑛, 

Where the inverse (−∆)𝛼 2⁄  is realized throughout convolution with 𝐼𝛼
𝑑. The bound ‖𝐼𝛼

𝑑𝑎‖𝜑 ≤ 𝐶‖𝑎‖𝜑 

ensures that noise or discretization error in 𝑓 doesn’t amplify uncontrollably in the solution 𝑢 

When 𝜑 satisfies the discrete ∆2- condition fails,  ∆2 completeness may be lost [24].  
3.1 Numerical Example 
A practical illustration is nonlocal image smoothing. Let 𝑈: ℤ2⟶ [0,1] be a grayscale image. A 
nonlocal filter applies 
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𝑈(𝑘) = ∑
𝑈(𝑗)

|𝑘 − 𝑗|2−𝛼
,

𝑗∈ℤ2

 

i.e convolution with discrete Riesz kernel. Because ℓ𝜑 is Banach, one can show the mapping 𝑈 ⟼ 𝑈 is 
stable in Orlicz norms, providing robust smoothing that handles singular feature gracefully.  
Let consider the one dimensional discrete Riesz potential kernel of fractional order 𝛼 = 1.2. For grid 
indices 𝑘 = 1,2,3, … , 50. The formula of the discrete kernel values of each 𝑘, compute: 

𝐾[𝑘] =
1

|𝑘|𝛼
=
1

𝑘1.2
 

Solution: with choose the farctional order 𝛼 = 1.2 and  by create the sequence of indices 𝑘 =
1,2,3, … , 10, for each each 𝑘, compute: 

𝐾[𝑘] =
1

|𝑘|𝛼
=
1

𝑘1.2
 

The following table present the results: 

Tabel 1. Numerical example 

 
 
 

 
 
 
 

 
Fig 1. Decay of the discrete Riesz Kernel 𝐾[𝑘]~[𝑘]−𝛼on one dimensional grid. 

 

𝑘 𝐾[𝑘] = 1 𝑘1.2⁄  𝑘 𝐾[𝑘] = 1 𝑘1.2⁄  𝑘 𝐾[𝑘] = 1 𝑘1.2⁄  
1 1.000 18 0.0318 35 0.0140 
2 0.4353 19 0.0298 36 0.0135 
3 0.2673 20 0.0277 37 0.0130 

 

4 0.1890 21 0.0258 38 0.0125 
 

5 0.1450 22 0.0245 39 0.0121 
6 0.1156 23 0.0232 40 0.0116 
7 0.0970 24 0.0222 41 0.0112 
8 0.0830 25 0.0212 42 0.0108 
9 0.0720 26 0.0201 43 0.0104 
10 0.0631 27 0.0191 44 0.0100 
11 0.0564 28 0.0184 45 0.0097 
12 0.0507 29 0.0176 46 0.0093 
13 0.0462 30 0.0169 47 0.0090 
14 0.0421 31 0.0163 48 0.0086 
15 0.0390 32 0.0157 49 0.0083 
16 0.0362 33 0.0151 50 0.0080 
17 0.0337 34 0.0145   
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The results compute (table 1) and plotted its decay (figure 1) ensures that ∑ 𝐾[𝑘] < ∞𝑘∈ℤ , whenever 

𝛼 > 1, so that the discrete convolution (𝐼𝛼
𝑑𝛼)𝑗 = ∑ 𝐾[𝑗 − 𝑘]𝑘 𝑎𝑘  is well‐defined and bounded on ℓ1-

types space. This summability underlies the boundedness estimate of Theorem 3.2 and matches 
classical discrete Hardy–Littlewood–Sobolev results [8]. In non-local denoising algorithms, one 

replaces each pixels 𝑈(𝑗) with a weighted average 𝑈(𝑘) = ∑ 𝐾[𝑘 − 𝑗]𝑈(𝑗).𝑗  The decay  𝐾[𝑘]~[𝑘]−𝛼 

ensures that far-away pixels contribute less, preserving sharp features while removing noise. Our 

modular stability results shows that if the original image 𝑼 lies in an Orlicsz class, then 𝑼̃ remains in 
the same class with a controlled norm increase. This mirrors continuous non-local filtering stability 
studied in [25], [26], now brought into a discrete dractional setting. Our discrete analogue, paired with 
modular theory [18], shows that no qualitative loss of stability occurs upon dicretization : the nonlocal 
smoothing remains uniformly bounded, a property often assumed in numerical analysis but here 
rigorously proved in a Banach framework. 

4. CONCLUSION  
We have established that both continuous and discrete Riesz–Orlicz spaces generated by a Young 
function 𝜑 satisfying the ∆2-condition are Banach spaces. Our results confirm that Riesz-type 
operators with ∆2-based Young functions induce Banach spaces that are stable under discretization, 
with explicit norm estimates that directly inform the stability analysis of numerical schemes for 
fractional PDEs. We have examined the completeness properties of sequence spaces generated via the 
Riesz potential operator and highlighted the pivotal role of the generating function 𝜑 in this process. 
This study is restricted to isotropic kernels and fixed exponents and variable-exponent and anisotropic 
cases remain open. Future work will address modular completeness in anisotropic or variable exponent 
Orlicz settings, and its relevance in non-Euclidean domains and also weighted frameworks for Riesz 
potentials on manifolds [27], [28]. 
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